With the model of equivalent charge distribution, we calculated the exact electrostatic force acting on the real ͑conical͒ tip of an atomic force microscope. This model applies to a conductive tip in front of a conductive plane. We compared the equivalent charge model with several analytic models used to date to approximate the electrostatic forces and discussed their degree of validity. We estimated the contribution of the cantilever to the total force and showed, on the basis of theoretical calculations and experimental results, that the contribution of cantilever may constitute the essential part of the electrostatic force in the range of distances used in electrostatic force microscopy in the air.
I. INTRODUCTION
Resulting from the scanning tunneling microscope, 1 the atomic force microscope ͑AFM͒ is a powerful tool for imaging and studying the surfaces of objects. For this kind of microscope, a sharp tip mounted on a cantilever is applied to the sample, and the topography of the object is imaged by detecting the cantilever bending. Usually, the microscopes are provided with a servo-control which allows the tip to scan the surface with a constant deflection ͑contact mode͒, or with a constant amplitude of vibration ͑non-contact mode͒. 2 In contact mode, the Van der Waals repulsion force sets the tip-sample distance at a few angströms, which allows us to obtain images that give the atomic periodicity. 3, 4 In noncontact mode, the probe detects the Van der Waals attractive forces, 5 magnetic, 6 or electrostatic forces [7] [8] [9] [10] [11] [12] which allows us to obtain other information than purely topographical. If a voltage is applied between the object and the tip of microscope ͑both of them conductive͒, an attractive force is added and the electrostatic force and its local variations can be imaged by the microscope. We then talk about an electrostatic force microscope ͑EFM͒. The interest in this new microscopy is its ability to image the local voltages of working microelectronic structures 8, 13 and to measure local electrostatic fields 14 or charges on insulator surfaces. 15 The images obtained by EFM are strongly dependent on the shape and dimensions of the tip as well as the type of sample. One of the main difficulties in analyzing images lies in the lack of simple analytic models to describe the force acting on the tip of microscope in the environment of a polarized object. This comes from the fact that the electrostatic sensor has a complex shape: a cantilever hold a conical or pyramidal tip ending in a spherical apex.
Thus, in the literature, several models based on analytic expressions are used to determine the electrostatic force: the sphere model, 16 the uniformly charged line model, 17 the knife edge model. 18 These different models are coherent with the experimental results in restricted ranges of distances. Electrostatic force has also been investigated by numerical simulations such as finite differences 19 and the surface charge method. 20 Below we propose to give a more convenient expression of the electrostatic force between a tip and a metallic plane taking into account the real shape of the available tips and cantilevers. This approach allows us to determine the limits of the classical approximations, and to recommend conditions under which electrostatic microscope can be used. In Sec. II, we apply equivalent charge model which produces the same equipotentials and forces as those between the tip and the surface plane. Then, we compare these results with several analytic models used to approximate electrostatic forces. In Sec. III, we take into account the presence of the cantilever in the equivalent charge model in order to evaluate its contribution to the total force. Finally, in Sec. IV, using theorical calculations and experimental results, we discuss the importance of the different parts of the electrostatic sensor in standard EFM conditions of operation.
II. MODELIZATION OF ELECTROSTATIC FORCES APPLIED TO A SINGLE TIP
After a description of the tip shapes, we examine the voltage distribution and electrostatic forces existing between two conductive elements: the tip and an infinite plane taken as the sample.
A. Shape of the tip
The tips used in AFM are of two different types, metallized tips of silicon nitride with half angle 35°or conical structures made of doped silicon with half angle 10°. The tip is fixed to a «V» shaped cantilever ͑Fig. 1͒, slightly inclined to the sample plane. These tips end with rounded surfaces of radius R ͑Fig. 2͒. The real shape of the tips, even new, fluctuates about nominal values and presents more or less observable defects. In order to simplify calculations, we deal with the following typical geometries:
͑a͒ Cone of half angle 10°ending in an apex radius of the order of 10 nm, to represent real sharp silicon tips ͑tip A͒.
͑b͒ Cone of half angle 35°to represent real silicon nitride tips with an apex radius of 50 nm to 100 nm depending a͒ Electronic mail: belaidi@lain.univ-montp2.fr on the metal coating ͑tip B͒. A silicon nitride tip with a pyramidal shape could be considered as a conical tip. In fact, the pyramidal shape gives forces which are intermediate between two cones: one included in the pyramid, the other includes the pyramid itself. Then, the cone angle difference does not exceed 10°. We shall see later ͓Fig. 5͑a͔͒ that the force does not depend drastically on the cone angle, so the conical approximation is suitable.
͑c͒ Cone of variable angle ͑tip C͒ or length ͑tip D͒, in order to explore intermediate cases.
B. Potential distribution between a conical rounded tip and the plane
Our method is based on the principle of distribution of equivalent charges which enables us to replace a conductor in equilibrium with a set of fictive charges inside it, putting into practice the image method of equipotentials, it is the equivalent charge model ͑ECM͒ taking into account the revolution symmetry of the tip, a distribution of N charges on the z axis allows us to build an equipotential surface V 0 ϭ1 following exactly the shape of the tip ͑see Fig. 2͒ . Since the force is proportional to V 0 2 , the results can be extended to any tip-sample polarization. From a practical point of view, N charges set in r i positions ͑on the z axis͒ must produce a potential V 0 at r n positions of N points spread all over the tip surface. The method gives satisfactory results for the regular spreading of r i and r n points as in Fig. 3 . The inclinations of the tip in real EFM ͑about 20°͒ does not significantly affect the results. This assumption shall be confirmed later. The conductive plane at a zero potential is created by the introduction of an electrostatic image tip with Ϫq i charges at Ϫr i points. The q i are then solutions to the following system:
for nϭ1,2,...,N and V 0 ͑r n ͒ϭV 0 .
C. Electrostatic force
With the above distribution of charges, we calculate the force acting on the tip in front of the conductive plane at zero potential, which is equal to the total force between the charges q i of the tip and Ϫq j of the image:
q i and q j are both dependent on the tip-sample distance.
The gives only an approximation of the force, since the atomic nature of the medium should be considered.
The F tip (d) is characterized by three distinct zones with different slopes. For small distances ͑dϽ10 nm͒, the linear shape of the F tip (d) function in logarithmic scale indicates an Fϰ1/d dependence. In the opposite side ͑dϾ10 m͒, the law is Fϰ1/d 2 , as can be expected when the tip is far from the plane. The d dependence in the intermediate region ͑10 nmϽdϽ10 m͒ has a lower slope and will be discussed later. In this zone, the magnitude of the force increases with the cone aperture ͓Fig. 5͑a͔͒ and the cone length ͓Fig. 5͑b͔͒. This observation indicates that the lateral surface of the tip may govern the total force in this range.
D. Comparison with analytic models
We now compare the force calculated for the real geometry of the tip with the forces obtained in simplified geometries. The details concerning the calculations of the electrostatic force for these geometries are given in the appendix. All results are reported in Fig. 6 .
For small distances ͑dр10 nm͒, three models: the single charge model, the knife edge and the sphere model, describe the behaviour of the tip in satisfactory way. However, the expression ͓͑A7͒ in the Appendix͔ of the knife edge model needs a width l, which is not experimentally defined. The value of lϭ50 nm used in Fig. 6 has been chosen to fit the other curves, which means that the knife edge model needs an external parameter to be used. For small distances, the best model is definitely the sphere model, as it is based on the same spherical apex geometry as the real tip. The single charge model is also useful because of its simple expression, but gives errors in the force always greater than 25%.
Beyond 20 nm, the hyperboloid and the charged line models give convenient approximations of the real force. This agreement comes from the fact that both models reproduce the conical shape of the tip far from the apex. Discrepancies arise between these models and the exact value for large distances ͑dϾ10 m͒, due to the fact that we have to introduce an artificial tip length in the hyperboloid and in the charged line models. Next, using the uniformly charged line model, we have found that a 20°inclination of the tip produces only a 10% increase of the force for distance dϭ10 nm. So, this effect of inclination may be neglected for distances of usual use in EFM. This confirms our initial assumption.
The simple model of the two flat surfaces is not convenient for small distances but can be used for the test if the tip apex is flat instead of spherical.
In the third range ͑dϾ10 m͒, the distance d is larger than the tip length and the whole tip contributes to the electrostatic force. The force on a real conical tip can not be deduced simply, but is certainly lower than that on the sphere of radius L/2 which encompasses the whole tip.
To summarize, we recommend the use of two approximate models for the tip-plane interaction: the spherical model for small and large distances ͑slightly modified in this last case͒ and the perfect cone model or uniformly charged line for intermediate distances. This leads to the d dependences shown in Table I . As the real F tip (d) curve in Fig. 6 is continuous from one range to another, the intermediate range is of variable length, and an apparent experimental dependence in 1/d 05 can be obtained. 13 The above three ranges correspond to the case where the force is mainly localized on the tip apex, on the conical part of the tip, and on the tip as a whole when the distance is large. The limits of the three ranges can be estimated by making the expressions in Table I equal. Qualitatively, the first expression is convenient when the distance is much smaller than the radius of the apex, and the third when the distance is much larger than the length of the tip. The exact limits are dependent on angle but are not useful as a convenient F(d) can be built by simply adding the three expressions in Table I .
III. OTHER STATIC FORCES
Two attractive forces disturb the previous modelization. These are the Van der Waals forces between the tip and the plane, and the electrostatic force applied on the lever supporting the tip.
A. Van der Waals forces
In Hartmann's simplified model, 21 the Van der Waals attractive force is additive and can be calculated as an integral of the local pressure p(z)
where
H n is the Hamaker constant for a tip and a metallic plane, 123 is a suitable constant. This expression takes into account the actual shape of the tip through the z(x) function, and the delayed expression of VdW force with the tanh͑ 123 /z͒ term. The intensity of this force shown in Fig. 7 is approximately a d Ϫ2 force for short distances ͑dϽ 123 ͒. Its amplitude is higher than the electrostatic force for V 0 ϭ1 at distances inferior to a few nanometers.
B. Electrostatic force on the cantilever
The expression of the force on the cantilever can be deduced approximately from the parallel plane capacitor one. To take into account the shape of the cantilever whose width and distance depend on x, we introduce the B(x) function describing the width of the cantilever and Z(x) its distance to the plane. The cantilever is inclined at angle ␤ to the reference plane, and its distance to the plane depends on x in the following way: Z(x)ϭLϩdϩx tan ␤. So, for the set up in Fig. 1 , the force acting on the cantilever can be written as an integral:
x 1 and x 2 are, respectively, the coordinates of the lower and upper end of the cantilever. We neglect the border effect of the capacitor and the thickness of the cantilever. The function F cantilever (d) is shown in Fig. 7 . Note that the force applied on the tip prevails for small distances ͑d 
Localization of the force on the tip Apex Tip side not localized Ͻ10 nm for the A tips, dϽ100 nm for the B tips͒. For large distances, the cantilever gives the main contribution to the force.
C. Force applied on the tip-cantilever system
Theorically, the resulting force on the EFM sensor is not just the superposition of the two precedent forces ͑F tip and F cantilever ͒ because the electrostatic interactions between the tip and the cantilever change the potential distribution. The complete system is more difficult to treat precisely because it brings together the force on the tip calculated by means of the equivalent charge model with a revolution symmetry, and the force on the cantilever for which this symmetry does not exist.
We therefore chose a mixed model for which the force acting on the tip is considered a local perturbation, with revolution symmetry, included in a nonsymmetric and larger system ͑cantileverϭcapacitor͒. The distribution of charges on the conductive system ͑cantileverϩtip͒ can be split into superficial charges located on the lower plane of the cantilever plus charges located on the tip. As the presence of the tip disturbs the charge distribution on the cantilever and vice versa, we introduce two distributions in a rather arbitrary way:
total ϭ cantilever ͑single͒ ϩ⌬ tip ͑perturbation͒ .
The first distribution cantilever͑single͒ is the same as that used in Sec. III B and consists in a continuous charge density all over the plane, including the area where tip is attached. The second distribution ⌬ tip͑perturbation͒ is a distribution of equivalent charges located on the z axis, that modifies the potential between the cantilever and the surface plane so as to make the shape of the equipotential V 0 fit the geometry of the real tip. This distribution is different from: tip͑single͒ ; it includes negative charges ͑for positive V 0 ͒ near the plane of the cantilever that neutralize total in the area where the tip is attached. The potential V and the force F are linear functions of , so we can write:
V total ϭV single cantilever ϩV tip pertubation .
Thus the system that will give us the q i Ј is:
The shape of equipotential obtained for a tip-cantilever system at the potential V 0 ϭ1 in front of a conductive plane at zero potential is represented in Fig. 8 . The force can be expressed as a sum:
The dependence of the force versus d is shown in Fig. 7 . We note that the environment of the cantilever is negligible inasmuch as the distances are small dϽ10 nm for tip A and dϽ100 nm for tip B. In all ranges, the force acting on the tipϩcantilever system is very close to the sum of the two components calculated independently, which indicates that the calculation presented here is not always necessary.
To summarize, to obtain the real force on the whole sensor ͑tipϩcantilever͒, we recommend the simple addition of the F cantilever force to the expressions given in Table I .
IV. DISCUSSION AND COMPARISON WITH THE EXPERIMENTS
The result of the previous section shows that, for distances larger than few nanometers, the cantilever plays a great part in the expression of electrostatic force especially for tips A. The experimental verification has been made with an AFM. Park Scientific Instrument system. We used a silicon tip type A ͑kϭ0.16 N/m͒ and silicon nitride tip type B ͑kϭ0.03 N/m͒ covered with gold. In F(d) force mode, the deflection of the cantilever is measured and the absolute value deduced after correct calibration of microscope. Figure  7 shows that the experimental points obtained in the air are correctly located on the theoretical curve and prove that the cantilever provides the bulk of the measured force for distances dϾ10 nm. In the air, we were not able to obtain experimental confirmation for smaller distances than those presented in Fig. 7 for two reasons: the water film on the plane creates a meniscus when dϽ5 nm, which force is much larger than the electrostatic forces. For tip B, the cantilever is very flexible and the static flexure is instable at distance of less than 15 nm.
The presence of the force on the cantilever induces several problems in the imagery of potentials for metal objects in air. When the electrostatic force due to the cantilever is important, the resolution of the microscope is reduced, 22 but a suitable choice of distance and tip shape can solve this problem. 9 In Fig. 7 , our experimental result have shown that tip B gives large electrostatic force at dϭ10 nm, mainly localized on the apex, which may give a correct compromise between force and resolution values. Some authors have obtained the same result by shielding the tip. 23 In the resonant mode, the relative effect of the cantilever is decreased because its force is nearly independent on the distance ͑dϽ100 nm͒, and acts as a constant force ignored by the feed-back in the noncontact mode.
V. CONCLUSION
We have developed a precise model ͑equivalent charge model͒ to calculate the electrostatic force acting on different types of tip in front of a plane surface for any distances. This model does not make any approximation concerning the shape of the tip and does not need arbitrary parameters. We have compared the exact values of the force with analytic models commonly used to approximate electrostatic forces. For short or medium tip sample distances, we have deduced that the spherical model and the uniformly charged line model, respectively, are good approximations of the true values. These two approximations correspond to the case of an electrostatic force localized on the apex or on the conical side of the tip.
We have shown that the force acting on the cantilever prevails for distances dϾ10 nm in the case of sharp and short tips ͑Rϭ10 nm͒ and this result has been confirmed by experiments. This phenomenon can be partly corrected by taking tips with larger angles, apex radii or lengths.
Our next study concerns the comparison of the spatial resolution in the static mode and in the resonant mode, this last mode being supposedly less sensitive to the cantilever force and others static perturbations.
APPENDIX: ANALYTIC MODELS

The sphere model
The capacity of two spheres is deduced from the expression of the force between a sphere and a plane.
͑A1͒
In these case dӶR, the force reduces to:
When the distance d is much larger than the length L of the tip, the sphere approximation may be again used. A convenient expression includes a (L/2d)
2 term which appears in the force acting on the sphere, and a coefficient s͑͒ sensitive to the real shape of the tip:
͑A3͒
As the total charge of the tip obtained in the equivalent charge model seems approximately linear versus the half angle of the cone, we suggest a semi-empirical law in the force expression:
s͑ ͒ϭaϩb ͑A4͒
aϭ0.13 and bϭ0.72 can be used in the 5ϽϽ50°range.
The single charge model
A single charge in front of a plane produces a distribution of potential which approximates a sphere. This approximation is valid when the distance between the charge and the plane is much larger than the radius R of the sphere. For lower distances, this model can be used if we place the equivalent charge q at a distance such that the curvature of the equipotential V 0 is equal to R at the point closest to the plane ͑Fig. 9͒. The subsequent values of a and q can be determined easily from the equation of equipotentials in a dipole system, and for dӶR reduced to a 2 Х3Rd, ͑A5͒
The above force is close but not equal to the force for the spheric case because the spheroïdal equipotential created by a single charge is slightly different from that of a sphere ͑Fig.
9͒
The knife edge model 18 The knife edge model considers the tip as a thin edge of infinite length along the z axis and width l along the y
The perfect cone model
On the basis of the dimension equation, Yokoyama 25 foresees a logarithmic dependence of the force on the distance for an infinite cone in front of a plane. For a finite cone, an approximation for dӶD can be used:
͑A9͒
where a and D are constant depending on the angle and the length of the cone. The numerical simulation of the perfect cone with the equivalent charges model enables us to confirm the above expression and evaluate a and D; we thus obtain aϭ1.954ϫ10 Ϫ3 nN/V 2 and Dϭ10 m for the tip A 1 .
